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Causal inference plays an important role in explanatory analysis and decision-making across a wide range of fields, including
statistics, marketing, healthcare, and education. Its core objective is to estimate treatment effects and inform intervention
policies. Most existing work focuses on the binary treatment setting, where each unit is assigned to either treatment or control.
In practice, however, treatments are often more complex, encompassing multi-valued, continuous, or bundle interventions.
We refer to such settings as complex treatments. In this paper, we provide a systematic and comprehensive survey of causal
inference methods for complex treatments. We first revisit the problem formulation, core assumptions, and their possible
variations under different settings. We sequentially review the representative methods for multi-valued, continuous, and bundle
treatments. Within each setting, we organize the methods into two broad categories: those that rely on the unconfoundedness
assumption and those that address violations of this assumption. We further discuss the intrinsic relationships among these
methods and the assumption verification. Finally, we summarize available benchmark datasets and open-source codes, and
outline several directions for future research.

CCS Concepts: « Computing methodologies — Machine learning; Causal reasoning and diagnostics.

Additional Key Words and Phrases: causal inference, multi-valued treatment, continuous treatment, bundle treatment

1 Introduction

Causal inference is revolutionizing diverse fields, from statistics to healthcare, by moving beyond mere as-
sociation to pinpoint the actual impact of treatments or interventions [105]. Its extensive applications span
numerous domains, including marketing [136], epidemiology [111], education [66], and even recommendation
systems [141]. Unlike traditional models that rely on correlation for pattern recognition, causal methods directly
tackle the complex challenge of determining causal effects—the difference in outcomes with and without a specific
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Fig. 1. An example of complex treatments.

intervention. This goes beyond simple measurement, aiding in critical downstream tasks such as prediction,
decision-making, and explanatory analysis. The primary challenge is controlling confounding bias, where external
factors simultaneously influence both treatment and outcome, leading to skewed estimations.

Randomized Controlled Trials (RCTs) are the gold standard for estimating treatment effects, as random
assignment inherently minimizes confounding. However, RCTs are often impractical or ethically challenging, e.g.,
forcing patients to forgo a life-saving drug for a study. This drives the increasing focus on extracting causal insights
from observational data, which is naturally collected but is inherently susceptible to confounding. Recently, a
variety of methodologies have emerged to navigate the complexities of observational data, such as propensity
score-based methods [113] (e.g., matching [27] and re-weighting [114]), representation learning methods [62]
(e.g., CounterFactual Regression (CFR) [122] and Dragonnet [124]), and generative modeling approaches (e.g.,
GANITE [157] and CEVAE [83]). However, these approaches, although effective, are mainly focused on binary
treatments and cannot directly address the nuances of more complex interventions.

In practical applications, causal inference with complex treatments has attracted increasing interest, where the
treatment could be multi-valued, multi-dimension (bundle), continuous, or even more complex. For example,
as shown in Fig. 1, in healthcare, when choosing among different alternatives for a treatment, the treatments
themselves can vary significantly in their settings. In a "binary" setting, there are only 2 choices, such as taking a
capsule or not. A "multi-valued" setting offers 4 choices, perhaps different types of medication (e.g., a capsule,
a liquid, or a blister pack) or combinations thereof. A "continuous" setting might involve a dosage range, like
injecting 5 to 10 grams of a substance, which offers uncountable choices within that range, exemplified by a
precise dose of "inject 6.28 g". Finally, a "bundle" setting represents a combination of multiple treatments, leading
to 2* = 16 possible choices if there are four distinct treatment components that can be chosen or not. These
examples highlight the need for causal inference methods that can handle such diverse and intricate treatment
structures beyond simple binary interventions.

Another significant challenge in complex treatment is the presence of unmeasured confounding variables.
Due to the lack of standardized data collection protocols and user privacy issues, some key variables are often
unobservable in real-world datasets. We refer to them as “unobserved confounders” that are typically common
causes of both treatment T and outcome Y, as illustrated in Fig. 2(a) and Fig. 2(b). When such unobserved
confounders (U) are present, even after controlling for observed variables (X), systemic biases stemming from
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Fig. 2. Potential outcome frameworks w/o unobserved confounders (marked in shadow).
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these hidden factors can substantially undermine the accuracy of treatment effect estimation. This inherent bias
fundamentally limits the ability to accurately estimate causal effects under unmeasured confounding.

A promising approach to address the challenge of U is to use proxy variables, which are observable and
can help capture the underlying influence of U. Proxy variables serve asindirect indicators of the effect from
U, allowing us to approximate and control these latent factors in the-analysis. Taking negative control as an
example, as illustrated in Fig. 2(c), negative control exposures E and negative control outcomes O serve as proxy
variables that can assist in addressing unobserved confounding. Negative controls are particularly useful because
they offer a way to test and adjust for hidden biases when direct measurement of confounders is not possible.
Relevant works include Multiple Causal Estimation via Information (MCEI) [108] for multi-valued treatment,
Deep Feature Proxy Variable (DFPV) [154] and Identifiable treatment-conditional VAE (Intact-VAE) [150] for
continuous treatment, and Task Embedding based Causal Effect VAE (TECE-VAE) [116] for bundle treatment. In
addition, instrumental variable (IV) is also widely used, which is illustrated in Fig. 2(d). Given X, the instrumental
variable Z is beneficial for the identification of T — Y. DeeplV [45] and Kernel IV [127] are two examples of
such instrumental variable methods.

There are several surveys in the causal inference community, such as the two focused on binary treatment [39,
156], the work that concludes instrumental variable methods [147], and the one discussing matching methods for
multi-valued treatment [82]. However, the problem of estimating causal effect of complex treatments is rarely
discussed, which is common and important in practical applications. In this paper, we provide a comprehensive
review of methods with complex treatments under the potential outcome framework. Paper organization is
illustrated in Fig. 3.

2 Preliminary

We first introduce the basic setups in the case of binary treatment. Suppose there is a random sample of n units
from a population . Let X; € X ¢ R¥ denote the covariate of each unit i, and T; € 7% = {0, 1} denote the
assigned treatment. When there exist m discrete treatments, we rewrite the treatment as T; € grmul — {0,1,...,m}
for the multi-valued setting, and T; € g bun {0, 1}™ for the bundle setting. As for the continuous treatment,
it can be denoted as T; € 7" c R. The outcome of unit i receiving a specific treatment T; is ¥; € Y/ c R.
Note that we consider the circumstance of continuous outcome in this paper. We adopt the potential outcome
framework [115, 130] in causal inference. For generality, let Y;(¢) and Y;(0) be the outcome of receiving treatment
T; =t and no treatment T; = 0. Only one of them can be observed in the dataset while the other is obtained by
counterfactual prediction, which is known as the fundamental problem of causal inference [51, 95]. In Table ??,
we summarize some important notations that are commonly used.
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In causal inference, the leap from observed correlations between the aforementioned variables to the causal
relationships between them relies on a set of foundational assumptions. These assumptions are crucial because
they define the conditions under which a statistical association can be reliably interpreted as a true causal
relationship, especially when we cannot directly observe what would have happened to an individual if receiving
different treatments.

(1) Owverlap or positivity assumption, formally stated as P(T = t|X = x) > 0,V t, x. It ensures that for every
combination of observed X, there is a non-zero probability of receiving any given treatment (T = ¢). This
requires the data to cover all treatment groups, allowing comparisons between these groups. If overlap is
violated (e.g., a certain group never receives a particular treatment), then it is impossible to compare the
two outcomes for causal effect.

(2) Unconfoundedness or ignorability assumption, that Y(T = t) 1 T|X. It guarantees that there are no
unobserved confounders U that simultaneously affect T and Y. If this assumption holds, after accounting
for observed characteristics X, any remaining association can be attributed to a causal effect rather than a
shared common cause.

(3) Stable unit treatment value assumption (SUTVA), which contains considerations from two aspects. No
interference: units are independent of each other and do not influence the outcomes of the others. Treatment
consistency: there are no alternative forms of a treatment, ensuring the observed outcome truly corresponds
to the assigned potential outcome.

Unconfoundedness and overlap are collectively referred to as strong ignorability assumption [56].

Based on the aforementioned counterfactual outcome and assumptions, individual treatment effect (ITE) of unit
i can be measured as ITE; = Y;(T; = t) — Y;(T; = 0). As for the whole population, we use average treatment effect
(ATE) to quantify the treatment effect, i.e., ATE = E[Y(T =t) — Y(T =0)]. If we only focus on that of the treated
group (ATT), we have ATT = B[Y(T =1t) - Y(T =0)|T = t]. To study the effect on samples with particular
characteristics, we can pick out a subgroup and the effect on them is called conditional average treatment
effect (CATE), i.e., CATE = E[Y(T =t) = Y(T =0)|X = x]. This measurement also plays an important role
when treatment effect varies significantly across different subgroups, which is also known as the heterogeneous
treatment effect (HTE).

The three basic assumptions and targeted estimands are generalizable across settings of binary, multi-valued
and bundle treatments, because of limited treatment space (e.g., {2,4,16} in Fig. 1). For bundle treatment,
additional assumptions (e.g., interactions between treatments [92]) might be required since multiple treatments
are simultaneously taken. When it comes to continuous treatment, an additional smoothness assumption is
introduced, stating that the potential outcome function is assumed to be continuously differentiable with respect
to the treatment variable. It ensures that there are no jump discontinuities in the dose-response function. Besides,
the unconfoundedness assumption for continuous treatment should be rewritten as Y(¢) 1L T | X,Vt € T. The
key to measuring the effects of continuous treatment is the dose-response function, and there are various
measurements [31, 34]. Similarly to ITE, the formal definition of individual dose-response function (IDRF) is
given as IDRF;(t) = Y;(T; = t). The average dose-response function (ADRF) quantifies the causal effect on the
whole population by ADRF(t) = E[Y(T = t)]. To capture the heterogeneity of continuous treatment effects,
ADREF is naturally extended as the heterogeneous dose-response function (HDRF), which is formally defined as
HDRF(t,x) = E[Y(T = t)|X = x].

3 Binary Treatment

Considering that many methods for complex treatments are developed from models of the binary setting, we
first give a brief introduction of those binary treatment methodologies. This section is to serve as the support of
background knowledge for the following parts.

ACM Comput. Surv.
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3.1 Under Unconfoundedness

We first introduce the methods when all three basic assumptions hold. Traditional statistical methods include
propensity score, outcome regression, and covariate balancing. Later, tree-based machine learning methods
emerged. With the development of deep neural networks, representation learning methods and generative
modeling methods have caused increasing interest among researchers.

3.1.1  Propensity Score (PS)-Based Methods. Propensity score is one of the most common methods used for
binary treatment setting. Its definition can be described as the following equation, which refers to the conditional
probability of a unit receiving treatment T when given covariates X:

e(X) = P(T = 1|X). 1)

By using methods such as matching [27], stratification [114], and re-weighting [112], we can simulate an RCT
environment to make samples in the treated group and the control group similar, thus alleviating the confounding
from X — T.In matching methods, a unit i whose neighbors matched from the opposite group are denoted as
J (i), we can estimate the counterfactual outcomes from the observed outcomes by ¥;(1=t) = IJ_1(1)| Zieqa Yi(t).
Various designs on distance measurement and matching algorithm are discussed in the survey [131]. Stratification
methods, also named sub-classification or blocking, are aimed to split the entire group into several subgroups
(blocks), within each those units in the treated group and the control group are similar. The way to split
all the samples is based on the propensity score as well. Suppose that there are J blocks, we can estimate
ATEgrar = 2521 n;’ [Yt (j) - Y. (j)], where n; is the number of samples in the j-th block, and Y;(j) and Y.(j) are
the average outcomes of the treated group and control group, respectively. Re-weighting methods are focused
on assigning appropriate weight to each unit in order to construct a new population where distributions of the
treated group and control group are similar. Taking inverse propensity weighting (IPW) [112, 113] for example,
the sample weights w can be defined as w = Tgf) + % where é is the estimated value of propensity score.
Therefore,

1 [Ty (-1

ATE = — - 2
s ) [é(xo e %) @
However, these methods are sensitive to model misspecification and extreme values of propensity scores. Taking
IPW for example, a particularly small é in the denominator can result in a particularly large w, and even a slight

error of é can cause a significant error of the estimated ATEpyy .

3.1.2  Outcome Regression Methods. Different from the PS-based methods that aim to calibrate observational data
to resemble data from RCTs, outcome regression methods directly fit P(Y|X, T) via supervised learning and infer
the counterfactual outcome by E[Y|X, 1 —T]. A basic solution is S-learner [71], which regards T as part of X and
uses a single machine learning model (X, T) to directly predict CATE = (X, 1) — ji(X,0). When T is strongly
correlated with X, p(-) may struggle to capture the heterogeneity of the treatment effect. In addition, when
X is of high dimension, the information from the 1-dimensional T would be neglected. Therefore, T-learner
[71] establishes two distinct learning models p1(X) = E[Y|X, T = 1] and po(X) = E[Y|X, T = 0], estimating
CATE = [i;(X) = fip(X). T-learner can perform poorly when the sample sizes of the two groups are imbalanced.
To address this, X-learner [71] utilizes cross-group information, i.e., improving the effect estimator of treated
group with information from the control group and vice versa. Specifically, following the preliminary training of
11(+) and o (-), two separate CATE estimators {z;(+), 7o(-) } are learned using the derived residuals Y; — fiy(X) and
[ — Yy, respectively. However, these methods do not address the problem of confounding bias. Doubly Robust
(DR) [88], also called Augmented IPW, combines the outcome regression and propensity score as follows:

LY — (X)) (1 =T)(Yi — fo(Xi))
é(Xi) 1-é(Xy)

ATEpg = % Z [ﬁl (X;) — fo(Xi) + ®)
i=1
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where i is the estimated value of an outcome regression model p(-). Compared to IPW, DR relaxes the assumption
of model correctness, only requiring at least one model to be correctly specified. In this way, even if /i or é is
poorly estimated, the overall estimator is still robust. Double Machine Learning (DML) [21] employs two
machine learning models as backbones of e(-) and pu(-), to separately predict T and Y based on X. The residuals
ey =Y —fi(X) and ey = T —é(X) are orthogonal to X. Therefore, by regressing ey on er, the regression coefficient
serves as the estimate of ATE. R-learner [99] can be regarded as a form of DML, except that it jointly trains all
models through arg min E[(Y — (X)) — (T - é(X))7(X)], where 7(X) = 2—; is the estimate of CATE.

3.1.3 Covariate Balancing Methods. Considering that the regression of PS often relies on model specification,
researchers propose alternative approaches that directly adjust the covariate distribution of two groups so as
to control the selection bias. It is like simulating the randomization process with observational data for the
purpose of achieving T; L X;. The main idea is to assign weights to each sample to ensure the re-weighted
groups satisfy the balance constraints, that is, aligning the first-order moment of sample covariates between
the treated group and the control group. Entropy balancing [40] method determines the re-weighting scheme
by minimizing the entropy divergence between distributions of the two groups. As for covariate balancing
propensity score (CBPS) [53], it utilizes the balancing property of propensity score, i.e; T; L Xjle(X;), to

improve its estimation. To be specific, the propensity scores are solved by E eT(';(_i) - (11__5&)_()" = 0, where w;

represents the weights of X;, and X; = w;X; is the adjusted covariates after re-weighting. Approximate residual
balancing [7] is another method that incorporates the concepts from doubly robust estimation. Specifically, it
combines balancing weights learning, propensity score regression, and potential outcome estimation together.
Kernel balancing [143] is proposed in recent years, which attains uniform approximate balance for covariate
functions in a reproducing-kernel Hilbert space.

3.1.4 Tree-based Methods. The tree-based models, such as the Classification And Regression Tree (CART) [13], is
also widely used to estimate heterogeneity in causal effects. We can use the tree splitting to partition the samples
into several sub-groups. Afterwards, treatment effects are estimated according to other samples that fall into the
same leaf as the target unit. Bayesian Additive Regression Trees (BART) [23, 24] is a Bayesian ensemble
method modeling the mean outcome from a sum of M trees, ie., Y = Zﬁl g(X;hj,0;) + &, where h; denotes the
Jj-th regression tree, §; = {1, ..., g} is a set of parameters associated with each of the B terminal nodes of h;,
mapping function g(X; h;, ;) assigns the corresponding leaf value y € 0; to the given X, and ¢ is the error term
following a normal distribution with a mean of zero. The estimand of interest is obtained by contrasting the
imputed potential outcomes between treatment groups. The tree methods are naturally applicable to tackle the
causal effect estimation of multi-valued treatment.

3.1.5 Representation-based Methods. Balancing Neural Network (BNN) [62] and CounterFactual Regres-
sion (CFR) [122] are two widely recognized methods based on invariant representation. Generally speaking,
such methods include a representation network ®(x) to learn the universal representation for samples from both
groups, together with a hypothesis network h(®) to predict potential outcomes. Considering that the populations
of different treatment groups are supposed to be similar or balanced, constraints are applied to minimize the
discrepancy between their distributions. Therefore, the basic objective function of representation-based methods
can be concluded as £ = L(h) + L(®) + R. The first term refers to the prediction error the hypothesis network.
The second term is a quantitative measurement of the discrepancy distance between the distributions of the
treated group and the control group. The last term R is an optional regularization term that controls model
complexity. Take CFR for example, its objective function is:

min % Z wi - L (M(@(X;),T), Yi) + a - IPMg ({®(Xi) }iery=0, {P(Xi) }iery=1) + A - R(h), (4)
o) — =t
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where w; = ZT—; + ﬁ and u = % >, T;. Loss function £ is often modeled as mean squared error (MSE) for
continuous outcomes. The distance between two distribution is measured by integral probability metric (IPM),

i.e., the term denoted as IPMg. Weights « and A are hyper-parameters.

3.1.6  Generative Modeling Methods. GANITE [157] introduces the idea of Generative Adversarial Network
(GAN) [36] into the causal inference community. It is composed of a counterfactual block and an ITE block, and
in each block there is a separate GAN structure. In the counterfactual block, the generator is to fill up all the
missing counterfactual outcomes YCF while the discriminator is to decide whether the potential outcome is the
real data Y/ or the fake ones derived from the generator. In this way, a "complete" dataset can be obtained. As
for the ITE block, there is a generator to estimate the outcome ﬁ\E given the covariate X;, and a discriminator
aimed at distinguishing whether its input is ITE; form the dataset after imputation or ITE; from the generator.
Ultimately, the two generators can give accurate estimations of Y and ITE;.

3.2 With Unobserved Confounders

Proxy variable and instrumental variable are powerful tools when there exist unobserved confounders. Although
these methods are originally proposed to tackle binary treatment, they can be extended to address the problem of
multi-valued and continuous treatment. Therefore, we provide a brief overview of these concepts in this section,
and discuss some concrete methods in Section 5.2.

3.2.1 Proxy Variable. It has been studied for a long time as bias analysis [9, 37]. The main idea of proxy is
briefly described in Section 1 and Fig. 2(c). We tentatively divide the proxy variable methods into two categories,
including negative controls and generative modeling methods.

Negative Controls. Many works [69, 91, 125] have introduced the concept called negative control variables.
They can be understood as variables collected under a controlled experiment with negative expectations, i.e., the
expected effect is not anticipated (T - Y). Negative controls can be divided into negative control outcome (NCO)
and negative control exposure (NCE). As.shown in Fig. 2(c), NCO (denoted as O) is another outcome variable
not related to T, but subject to the same confounders (U) as Y. If it is verified that T has no effect on O, then
we can conclude that the estimated effect of T on Y is not biased by U. Formally speaking, O 1 T|(U, X) and
O [ (U,X). Similarly, NCE, denoted as E, is another treatment variable that shares the same confounders as
T but should not have influence on Y. We have E 1L Y|(U,X,T) and E 1L O|(U, X, T). In this case, the basic
assumptions must be revised, and additional assumptions need to be considered.

(1) Positivity. If the joint distribution P(U, X) > 0, then the joint conditional density P(T, E|U, X) € (0,1). It
ensures that all treatment groups could be covered when all characteristics (X and U) are given, supporting
the comparison between different groups.

(2) Latent ignorability [93]. Y(t) L T{X,U},Vt € T. It guarantees that the causal effect could be estimated
without bias by controlling all confounders (X and U).

(3) SUTVA. If treatment T =t and NCE E = e, then the outcome and NCO is unique, i.e., Y = Y(¢,e) and O =
O(t, e). It ensures consistency of two exposures (T and E) and no interference on two outcomes (Y and O).

(4) Confounding bridge [93]. There exists at least one function b(O, t) for all t+ € T that could satisfy the
condition E[Y|U, t] = E[b(O,t)|U, t]. This assumption ensures that the effect of the unobservable U on Y
can be fully reflected via observing O when controlling T.

With these assumptions mentioned above, we can identify E[Y(¢)] = E[b(O,t)],Vt € T. Afterwards, the
confounding bridge function can be identified by E[Y|E,T] = E[b(O,T)|E, T]. Therefore, we can rewrite
ADRF(t) = [ b(0,1)d(O, 1).

Generative Modeling Methods. Variational Auto-Encoder (VAE) [68] is a popular method for learning repre-

sentation of proxies. For example, CEVAE [83] leverages VAE to learn representation of the hidden confounder V
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when estimating the effect of binary treatment. It consists of an inference network and a model network that are
all derived from TARNet [122], whose objective is to deduce the nonlinear relationship between X and Ve Y& T
so as to obtain the approximate solution of P(V, X, T, Y). The variational lower bound is:

L= Bqxm log p(Xi, TiIV) +log p(Yi|T;, Zi) + log p(Vi) ~ log g(VilX,, T, Yy, ®)
i=1

where the first two terms refer to the reconstruction loss and the last two represent the KL divergence. For each
sample, it first goes through the inference network to obtain P(V|X, Y, T). Putting it into the model network
gives the value of P(Y|T = 1,X) and P(Y|T = 0,X), respectively. ITE is the difference between them. Note
that the intention of VAE used here is not to generate samples but to offer better representations of the hidden
confounders for the causal estimand.
3.22 Instrumental Variable. It is a powerful tool for causal inference with unobserved confounders. A variable
Z is regarded as an IV if all the following conditions could be satisfied:

(1) Relevance. Z is related to T, i.e., Z AL T.
(2) Exclusion. Z affects Y only through T,ie.,Z 1L Y | (T, X, U).
(3) Unconfounded instrument. Z is independent of the confounders X and U, i.e., Z 1L (X, U).

As the unconfounded instrument condition is too strict to be satisfied in real-world applications, the Conditional
IV (CIV) [14] is proposed to relax Z 1L (X,U) to Z L U | X. Generally speaking, it is hard to determine suitable
IVs or CIVs for the treatments of interest in reality and often requires professional knowledge. Therefore, an
IV that meets all the conditions above is called a valid IV, while a weak IV refers to an instrument with weak
correlation to the treatment. Even worse, an IV is regarded as an invalid IV with which the aforementioned
assumptions will be violated.

3.2.3 Difference-in-Difference Methods. These methods are widely applied when there are repeated observations
between different groups over time. A core assumption is needed, which is named common trends or parallel
trends. That is, the average change in Y for the treated group (T = 1) would have followed the same trend as
the control group (T = 0) if no intervention had occurred. In this way, they are powerful tools to tackle time
series data of multiple time periods by controlling time-invariant confounders. We denote the time indicator
as G, where G = 0 means that this sample is recorded before treatment and G = 1 refers to the post-treatment
condition. Generally, DID [6, 8] defines Y = & + G + yT + 6(G X T) + ¢, where a, §, y and ¢ are the regression
coefficients, and ¢ is an error term. Then, we have:

ATTpp =E[Y|G=1,T=1] -E[Y|G=0,T =1] -E[Y|G=1T =0] + E[Y|G =0,T =0]. (6)

Changes-in-Changes (CIC) [8] is an extension of DID that considers unobserved characteristics U. The
outcome without treatment is modeled as YN = h(U, G), where h is strictly monotonic and superscript N means
untreated subpopulations with (T,G) = {(0,0), (0,1),(1,0)}. CIC aims to estimate counterfactual outcome
Y%\,[G=1,1’ abbreviated as Yﬁ’ . Due to the time invariance assumption that U 1L G | T, we can infer how the treated
group might have changed without intervention if we know the changes in control group. Specifically, Y; is the
factual outcome of treated group before intervention, and quantile g = Fy ¢o(Y10) tells the sample percentage in
control group with an outcome < Yy before treatment. Then, F;}n (gq) finds the outcome § in control group after

intervention, satisfying Fo; () = q. We regard such g equals Y}Y, and Eq. (6) is rewritten as:
ATEcic =E[Y],] - E[Y}{] = E[Y],] - E[Fy g, (Fy.00(Y10))], )

where I refers to (t,g) = (1,1), and YIIl is the factual outcome of treated group after receiving T. However, DID
and CIC rely on the strong assumptions that do not hold in many practical applications. A common approach
to relax these assumptions is to use factor-model based methods, such as synthetic controls [5]. Besides, some
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researchers recently introduce a state variable to construct one more difference, and propose a triple changes
estimator [2], relaxing those assumptions in another way. Furthermore, DID can also be interpreted as negative
outcome control (NOC) [129] approach, where pre-exposure outcomes can serve as NCOs. Distributional
equi-confounding assumption is proposed to support nonparametric identification. Specifically, the mean and
variance of Y and NCOs are modeled as functions of X. In this way, the distributions of residuals ey and €p could
be flexibly modeled using location-scale models, accommodating different data distributions and confounding
structures.

3.2.4  Front-door Criterion. Under the framework of Structural Causal Models (SCM), the front-door criterion
addresses unobserved confounding by leveraging observed mediators that fully transmit the causal effect from
the treatment to the outcome. Specifically, even when T and Y are confounded, identification is possible if the
effect of T on Y operates entirely through a set of mediators M that satisfy the following conditions [39, 103, 104]:

(1) M blocks all the paths from T to Y. Therefore, P(Y|do(T)) = /M P(Y|do(M))P(M|do(T))dM, where the
do-operator means forcing T to take a specific value.

(2) There is no confounding between T and M, and thus P(M|do(T)) = P(M|T).

(3) Conditional on T, there is no confounding between M and Y. Therefore, we have
P(Y|do(M)) = fTP(Y|T, M)P(T)dT. In summary, we can derive:

P(Y|do(T)) = /M P(MIT) ( /T ]P(Y|T,M)]P>(T)dT) M. ®)

These probabilities can be directly learned from observational data. This front-door criterion can also be relaxed
and extended to estimate indirect causal effect using a doubly robust estimator [33].

3.3 Conclusion and Discussion

When the unconfoundedness assumption holds, challenge in this setting is the confounding bias caused by X.
Propensity score is a widely used method to quantify the influence of X on T. PS has a well-developed theory
for identification, but requires explicitly modeling the distribution P(T = 1|X), which is a strong assumption.
Weighting methods based on PS are sensitive to model misspecification and extreme values. Matching and
stratification methods have no concerns about extreme values but they require sufficient samples, thus limited
in model generalizability. Doubly robust methods relax such model correctness assumption, only requiring at
least one from the PS or outcome regression model being correctly specified. Instead of relying on these strong
assumptions, covariate balancing methods directly adjust X through re-weighting in a data-driven manner such
as moment constraints. However, they may face the feature selection issue, i.e., treating all variables equally and
instead introducing additional noise. In comparison, tree-based methods naturally have advantages in feature
selection and interpretability. Nevertheless, there is also a risk of over-fitting if the tree grows too deep and the
training samples are insufficient. Representation-based methods share the same concern about over-fitting,
and their interpretability is relatively limited. Nevertheless, they have stronger capabilities of modeling nonlinear
relationships especially in complex environments with high-dimensional data. When samples are sufficient, these
methods often perform better. Compared to representation learning, generative models like GAN have an
advantage in capturing the unseen counterfactual distribution. Moreover, they are mainly used in unsupervised
learning scenarios without data annotation. However, there may be instability issues during training, including
non-convergence, gradient abnormality, and mode collapse.

When considering the existence of unobserved confounders, endogeneity is a key challenge. The typical
methods using proxy variables in statistics are called negative controls, which have solid theoretical foundations
in the identification of treatment effect. However, these methods often require strict assumptions that are hard to
satisfy in practical applications. In computer science, generative models like VAE are applied to recover latent
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[ 4.1 Methods under Unconfoundedness Assumption ]
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Fig. 4. Categorization of multi-valued treatment methods without unobserved confounders.

confounders from observed data for counterfactual prediction. Proxies are supposed to be sufficient to cover
all the unmeasured confounders, making such recovery process a challenging task. Instrumental variables
are auxiliary information to help estimate the influence of T on Y, but how to provide valid IVs is also a hard
problem that often requires expert knowledge. DID and CIC methods are particularly suitable for evaluating the
effects of non-random treatment allocation, such as policy change and law implementation. But their validity
relies on the parallel trends assumption that is difficult to verify in practice. They are also not good at solving
situations with heterogeneous treatment effects.

4  Multi-valued Treatment

In this section, we introduce relevant methods that estimate the causal effect of multi-valued treatment in
two cases. The first case is that the unconfoundedness assumption holds, and the second case is that there exist
unobserved confounders.

4.1 Under Unconfoundedness

Existing works for multi-valued treatment under the unconfoundedness assumption are organized in Fig. 4. They
can be further divided into 5 categories: GPS-based methods, tree-based models, representation-based methods,
generative modeling methods, and meta learning methods.

4.1.1  GPS-based Methods. The Generalized Propensity Score (GPS) [55] is an extension derived from PS,
whose definition is given in'Eq.(1). GPS is proposed as a solution for the settings of multiple treatments with
discrete values and its expression is given as below:

e(T,X) = frix(TIX), )
where fr|x(T|X) means the conditional density of T given X. Suppose there are m treatments, then the GPS can
be rewritten in the form of a vector as e(X) = [e(t1, X), ..., e(tm, X)]. Afterwards, many approaches using PS in

the binary treatment setting, such as those introduced in Section 3.1.1, can also be extended to the multi-valued
treatment setting by using GPS.
Vector Matching [82] aligns subjects with similar e(X), usually applying a multinomial regression model to

determine a common support region for multiple treatments. For each t € 7,

e(t,X) ") = max (min (e(t, X|T = t,)), ..., min (e(t, X|T = tp))) (10)
. 10
e(t,X)"9") = min (max (e(t, X|T = t1)), ..., max (e(t, X|T = t;)))

where e(t,X|T = I) refers to the treatment assignment probability for t among those subjects that received
treatment . The purpose is to maximize the similarity between matched sets while minimizing the bias between
covariate distributions. Subjects with e(t, X) ¢ (e(t,X)™) e(t, X) 9" Vi € T will be discarded, followed by
re-fitting the GPS model. Afterwards, k-means clustering [44] is applied to divide all the subjects into several
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clusters, where those within the same cluster are similar on one or more GPS components. It is guaranteed that
there is at least one subject of each treatment in each cluster. A pair of subjects will be matched if they belong to
the same subclass.

Vector-based Kernel Weighting (VBKW) [35] is a hybrid method that combines kernel weighting and
vector matching. Let [ denote the samples of treatment ¢, and j denote the samples of treatment ¢’ # ¢. Based on

propensity score vectors e(X) = [e(t1,X), ..., e(tm, X) ], Lnatchea C I includes samples in [ that are successfully
1 Vi€ Latched
matched to one or more samples in j. The weight for ATT of treatment ¢ is warr,; = { . ,ma e , where
ki(Dll’)’Vl € J

ki(-) refers to the Epanechnikov kernel, and Dy, = |é(X], t) — é(Xj, t)|. Weight w; 477~ for treatment ¢’ can be
constructed in a similar manner. Weights for estimating ATE of ¢ vs. t’ can be expressed as w; oeTg = Wi ATT+WiATT’-
Finally,

e Yidi(O)wiare  2iej Yidi(t')wiare

ATE;p = - >
' Ziet di(D)WiaTE Yiej di(t)WiatE
where d;(t) = I(T; = t) is an indicator variable.

Ensemble Doubly Robust (EnDR) [155] follows the doubly robust method descried in Eq. (3), but the
estimator e(-) is substituted by Eq. (9). EnDR establishes the propensity score estimator e(-) and outcome
regressors j4(-) in an ensemble manner, i.e., choosing the top 1 or using the weighted average from multiple
models. Specifically, it uses rank aggregation strategy to ensemble linear regression, CBPS (estimating Y only),
random forest, and generalized boosted model.

(11)

4.1.2  Tree-based Methods. Decision makers are interested about casting which campaign (multi-valued treatment)

could obtain the best uplift (ITE or CATE). It can be seen asa map function, i.e., h(-) : X¢ — {1,...,m}. The goal

is to figure out the optimal treatment with the best expected response by h*(x) € arg max E[YIX =x,T =t].
=l,...m

Tree structure is naturally suitable for this.

Contextual Treatment Selection (CTS) [160] divides the whole feature space into disjoint subspaces, where
each subspace corresponds to a specific treatment. These subspaces are represented as the leaf nodes of the
decision tree. Each leaf provides the probability of a sample falling into that subspace (i.e., adopting a specific
treatment) and the expected response (potential outcome). During the construction of each tree, a recursive
binary splitting approach is applied and the goal is to maximize the expected response. Splitting criterion is to
measure the increase in the holistic expected response Apu(s) of a candidate split s that divides a leaf node ¢ into

¢y and ¢,

12
+P(XE€$|X € ¢) max E[Y|IX€¢,T=t]- max E[Y|]XedT=t]. (12)

In details, P(X € ¢'|X € ¢) can be regarded as the probability of a subject further falling into ¢’ conditioned
on already divided to ¢. It can be rewritten as p(¢’|§) = Zfil I{X; € ¢/}/Z£\i1 I{X; € ¢}. Let §;(¢’) denotes the
expected response of subspace ¢’ given treatment ¢, which is defined as:
7:(P) , if ny(¢") < min_split
9:(¢") = (Zi wil{Xi € ¢M{T; = 1} + §:($) - n_reg) . (13)
, otherwise
(X H{X; € ¢'Y{T; =t} + n_reg)

where min_split is a user-defined parameter, meaning the minimum number of samples required to perform
a split. Another parameter n_reg, usually a small positive integer, is provided as a regularity term to avoid
misleading from outliers. The response increase can be expressed as:

Di(s) = P(ilg) X max ii(gn) + p(grlg) x max Gi(g) ~ max ii(9). (14)

~~~~~ m 1,...m
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Construction of a tree is completed when there is no split to conduct, or the samples in the node have the same
response value. CTS also creates a forest to alleviate over-fitting of a single tree.

VAriance Reduced Treatment Selection (VARTS) [117] demonstrates that CTS requires a large amount
of training data, and the estimator maximized in CTS is biased against the true metric. Therefore, it proposes a
variance reduced estimator based on the doubly robu(st estimati)on. Specifically, the expected response is:

, I v i UT = 1)
Vvarts(‘ﬁ, t)=— Z

A (1)
+ 47 . (15)
14 ix;€¢ p(t) l

Accordingly, the split criterion can be described as:
§ = argmax p (¢i(s)|$) X max Vvarts (B1(s) 1) + P (¢r(s)|¢p) x max Vvarts (¢r(s),tr) - (16)
seS tjeT treT

4.1.3 Representation-based Methods. The CFR framework is extended to solve the problem of multi-valued
treatment as well. The most crucial modification lies in how to balance the covariate distributions across multiple
groups (corresponding to multiple discrete T values), and how to model the hypothesis function(s) applicable to
all these groups.

An intuitive way to control the confounding bias is using IPM to constrain all the possible pairs of different
treatment groups, with a total number of C2, for m treatment values. Individual Advertising Effect Estima-
tor [81] proposes a transitivity assumption so that only the IPM between adjacent treatment pairs needs taken
into account. All groups with various treatment assignments share the same hypothesis network denoted as
h(®(X), T). The objective function is:

n m—1
.2 T=T; T=Tju
%n;;m~£<h(<1>(xi>,n>,m+A-R<h)+ﬁ-ZIPMd% “pp )

J=1

—wr, Y L@ T, Y) Trzr, =W Y, L (R(O(XG), T), Yi) Ty,
i=1 i=1
where wr, is the proportion of units applying T;, and R is a model complexity term.

MEMENTO [94] follows the intuitive idea that using C2, pairs of Maximum Mean Discrepancy (MMD)
constraints between all treatment groups to address the confounding bias, and constructing m hypothesis functions
hy, for counterfactual prediction. Its key contribution lies in introducing the Expected Precision in Estimation of
Heterogeneous Effect (PEHE) loss [49] to the setting of multi-valued treatment. Since the counterfactual loss can
not be directly calculated by observational data, it deduces an upper bound of Lr(h) + Lcr(h). Accordingly, the
goal is to minimize:

n
o D L (0(X))) + R h,_n) + - ) MMD(E@(0)[0) BO(X)IF) (19
i=1 4 t£t’

4.1.4  Generative Modeling Methods. Although GANITE [157] is introduced under the setting of binary treatment,
it can be easily developed to tackle multi-valued treatment as well. The key modification lies in the discriminator
of the counterfactual block, whose goal is to determine which value of the treatments correspond to the real
outcome in Y. Other parts of GANITE remains unchanged. In this way, it can estimate the potential outcome of
different treatment values.

4.1.5 Meta Learning Methods. There is an issue that the sample sizes in different groups are often imbalanced.
MetalTE [163] introduces the concept of meta-learning, regarding a treatment group with sufficient samples as
a source domain that is firstly used to train the base model. Conversely, it treats a group with few samples as a
target domain, on which the base model is fine-tuned. Two core components consist of the base model, including
a feature extractor to obtain balanced embeddings across multiple domains, and an inference network to estimate
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Fig. 5. Categorization of continuous treatment methods without unobserved confounders.

potential outcomes. Objective function comprehensively considers the prediction errors on two kinds of domains,
together with the MMD metric constrained on the their embeddings for domain balance.

4.2 Conclusion and Discussion

Many methods addressing the multi-valued treatment discussed in this section are extended from those initially
proposed for binary treatments. These extensions involve a fundamental shift from binary to multi-class classifi-
cation. For propensity score-based methods, this means extending Eq. (1) to Eq. (9), supporting the estimation
of propensity scores for m treatment categories (e.g., via multinomial logistic regression). Tree-based methods,
which typically determine the best treatment value from a binary set {0, 1}, are adapted to select from {1, ..., m}
by modifying the splitting criteria or employing multi-output tree structures. Similarly, GANITE extends its
discriminator’s role from identifying 2 labels to distinguishing between m distinct treatment labels.

Another key extension is the balancing between multiple treatment groups, in terms of covariate distributions
or representations. Binary treatment can be regarded as a special case of multiple treatments. Given that the
set of all possible treatments is finite (multi-valued and bundle treatments), this can be naturally achieved by
incorporating treatment-specific representation networks, hypothesis networks, and MMD constraints. Methods
designed for infinite treatment sets (continuous treatment) will be further discussed in Section 5.

Finally, some methods demonstrate generality. As stated in Section 3.2, methods such as proxy and instrumental
variables do not restrict the type of T in their solutions. Therefore, they can be naturally applied to continuous or
bundle settings, already covering the cases of multiple discrete values. We will discuss these methods in Section
5.2.1 and Section 5.2.2.

5 Continuous Treatment

Another setting included in the complex treatment is that the value of treatment could be continuous. Relevant
methods will be introduced from two aspects, covering the methods obeying unconfoundedness assumption and
those considering the unobserved confounders.

5.1 Under Unconfoundedness

As shown in Fig. 5, we will introduce four kinds of methods in this section, including GPS-based methods, doubly
robust methods, representation-based methods, and generative modeling methods.

5.1.1 GPS-based Methods. The GPS mentioned in Eq. (9) is designed to quantify the possibility of a unit receiving
a certain treatment from multiple choices. Depending on the smoothness assumption in Section 2, it can be
naturally extended for the estimation of continuous treatment effect. Researchers often explicitly model GPS of
continuous treatments by Gaussian distribution [16, 50, 54, 111].

Weighting Methods. Inspired by IPW [85], the inverse of generalized propensity scoring (IGPS) [111] re-
weights samples using the reciprocal of GPS. To address the issue of extreme values in the denominator, researchers

propose Stabilized IGPS (SIGPS) [111]. Formally, w3/0FS = %, and f(T;) is the probability density of
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treatment T;. However, some researchers point out that these methods are sensitive to model misspecification [128,
167]. Therefore, optimal balancing weighting is studied, which is concentrated on achieving a direct balance
in treatment assignment without the explicit specification of the conditional density f(T|X). These methods
theoretically have the doubly robust property [159]. Covariate Balancing Generalized Propensity Score
(CBGPS) [32] is an extension of CBPS [53], which is mentioned in Section 3, to the setting of continuous
treatment. It aims to eliminate the correlation between treatment T and covariates X. To ensure the balancing
property of the GPS, CBGPS formulates the moment conditions as E[wBTX] = E[T]E[X], where the wights
wCB are constrained by E[w®®] = 1. To maximize its empirical likelihood, the objective can be formally defined
as arg nglerzw Y logw®E. Permutation Weighting (PW) [4] is another balancing weighting method whose

main idea is to randomly conduct permutation on T of the original data % so as to satisfy the balance condition.
That is to say, the assignment of T is independent of X in the permuted data Q. Afterwards, a classifier is trained

to tell whether a sample is from P (labeld as C = 1) or Q (labeled as C = 0). Once it is trained, the sample weight
Pw _ P(C=1|T;.Xi)
 P(C=0ITi.XG)

Matching and Stratification Methods'. The matching method for binary treatment is also generalized to
the continuous treatment setting [84]. For example, propensity function [54] is proposed to offer a balancing
function, not a one-dimensional score, compared to the GPS. Suppose there is a unique propensity function
0(t,x) forallt € 7,x € X, such that e(¢, x) depends on x through 0(¢, x). The stratification principle based on
the propensity function can be expressed as:

ADRF(t) =/f(Y(t)|T =1,0(t,x)) £(0(t, x))dO(t, %), (19)

can be measured through probability density ratio, i.e., w

where f(-) refers to the probability density. Researchers also point out that the fundamental concept underlying
current matching or stratification methods is discretization. Effectiveness of these methods mainly depends on
the choice for distance metrics and the number of strata [54]. Advantage of these methods lies in their strong
interpretability and they have no concerns about the issue of extreme values. However, they usually require
sufficient samples for data fitting, and need discretization of the continuous treatment.

5.1.2 Representation-based Methods. Backbones of the representation learning to facilitate causal inference
often include Multi-Layer Perceptron (MLP) and transformer [137].

MLP methods. They mainly follows the basic architecture of CFR in Section 3.1.5, but need to make additional
improvements in discretizing treatment 7. DRNet [121] handles this problem by utilizing a bucket method to
assign continuous variables into discrete intervals. Each interval corresponds to a prediction head. However,
it may disrupt the continuity of causal effects and lead to jump discontinuity at the boundaries of buckets.
Therefore, VCNet [98] proposes varying coefficient prediction heads to retain the continuity of dose response
curves. Specifically, the prediction head can be described as "N (t,x) = E[Y|T = t,X = x] = fy1)(p), where
fo(r) is a neural network with variable parameters 0(t) = [61(¢),...,04,(t)]" € R, do(r) is the dimension
of 6(t), and p is the feature extracted from the conditional density estimator 7 (t|x). Formal definition of each
dimension is 0;(t) = Zlel aisl(p{VN(t), where {(0{\”\]} are the spline basis and a;; are the coefficients. ADMIT [138]
is proposed to theoretically support the alleviation of selection bias in the setting of continuous treatments.
Besides the balanced representation ®(X) and predicted potential outcome A(T, ®(X)) from varying coefficient
models, it also learns weights w(T, ®(X)) via importance sampling. Such w are utilized in weighted prediction loss
w(T,®(X))- L(h(T,d(X)),Y), together with IPM constraints between the factual and counterfactual distributions
IPMg(w - P(X),P(X | T)). Note that many representation-based methods learn the representation ®(X) by
constraining T 1l X | ®(X), thus neglecting much of the useful information in X. CRNet [165] theoretically

!In the context of continuous treatment setting, the stratification method can be regarded as a specific instance of the non-bipartite matching
method.

ACM Comput. Surv.



Causal Inference with Complex Treatments: A Survey « 15

[ 5.2 Methods with Unobserved Confounders ]
I

] ] 3
5.2.1 Proxy Variable 5.2.2 Instrument Variable
Negative Controls 2SLS [134] GMM [42.43] 5.2.3
Statistical | Kernel | Deep Generative Kernel | Deep [[AGMM 1731) [Deep Gmm 1] [vMm mn]] Difference
. Matrix : KPV [89] : DFPV [154] Intact- [Kernel IV | 127|] : [Deep TV [45] n
1

1 Confounder Balancing Difference
[ 5 [18]
Dual IV 961 J1 | DFIV [153] [CB-IV ||45|] [CBRL—CIV |zn]] [GCB-IV |I46|]

1
PMMR [89] |1
1

Fig. 6. Categorization of continuous treatment methods with unobserved confounders.

demonstrates the importance of the balancing and prognostic representations, i,e. T, Y 1L X | ®(X). It learns a
double balancing representation with such constraints via contrastive learning so as to estimate the HDRF while
preserving the continuity of treatments.

Transformer methods. Compared to MLP, Transformer does better in capturing the internal interactions
within X, as well as the interaction between T and X. For example, TransTEE [158] attempts to introduce
transformer [137] into the context of causal inference for continuous treatment. It consists of three key components:
embedding layers to map X and T into a low-dimensional space, self-attention layers to capture the internal
interactions between the two embeddings, and cross-attention layers to enables the embedding of T focused on X
that are most relevant to Y. Afterwards, the objective of TransTEE is to minimize the MSE of outcome regression.

5.1.3  Generative Modeling Methods. Inspired by GANITE [157], SCIGAN [12] estimate the IDRF for continuous
treatments by employing a generator that directly produces response curves. A core feature of SCIGAN is its hier-
archical discriminator architecture. The first level involves a treatment discriminator, tasked with distinguishing
between discrete types of treatments. Subsequently, within the dosage interval corresponding to each treatment
type, a second-level discriminator, the dosage discriminator, focuses on identifying the factual (continuous)
dosage. This hierarchical design allows for a more nuanced estimation of causal effects by effectively separating
the influences of treatment type and dosage. The generative adversarial aspect is crucial: the generator creates
counterfactual outcomes, aiming to fool the discriminator into believing they are factual, while the discriminator
learns to differentiate between factual and generated outcomes. This adversarial training process encourages the
generator to learn the true distribution of unobserved counterfactuals, enabling the estimation of personalized
treatment effects for continuous interventions. Following this, Generative Adversarial De-confounding
(GAD) [78] adopts GANs with permutation weighting [4] to learn the GPS for ADRF. Specifically, in GAD, the
generator is used to learn the distribution of GPS, while the discriminator strives to distinguish whether the data
are from the permuted distribution or the fitted distribution. After training, the weight w(X, T) output from the
generator can be regarded as IGPS, and ADRF = YiT=t Wi+ Yi(t).

5.2 With Unobserved Confounders

In the presence of unobserved confounders, whether in binary or continuous treatment cases, one of the most
promising methods is the use of proxy variables. With the advancement of big data collection and the improvement
of various data policies, even if some variables cannot be directly observed, we can capture their effects by
leveraging their relationships with certain observed variables. This approach enables us to mitigate the bias
caused by unobserved confounders, thereby obtaining more accurate causal estimates. Note that instrumental
variables (IVs) are a special type of proxy variable. For exogenous instrumental variables, the fields of statistics
and econometrics have developed numerous IV regression algorithms to study treatment effects. Therefore, we
will further discuss these proxy variable methods and IV methods as shown in Fig. 6.

5.2.1 Proxy Variable. Proxy variables are used as substitutes for unobserved confounders. By leveraging variables
that are correlated with the unobserved confounders, proxy variable methods aim to control for hidden biases and
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enable more accurate causal inference. The use of proxy variables is particularly valuable in complex datasets with
high-dimensional or missing information, as they allow researchers to approximate the influence of unobserved
factors through related, observable data. As big data sources expand and data policies improve, proxy variable
methods continue to gain traction in both binary and continuous treatment scenarios, providing an effective
means of adjusting for hidden confounding. Extensive research on proxy variables encompasses both negative
control methods and generative modeling methods.

Negative Controls have been briefly introduced in Section 3.2.1. We classify the relevant methods into statis-
tical, kernel, and deep methods. (1) Statistical Methods. We introduce the Matrix Adjustment Method [72],
a probability distribution-based correction technique to adjust for the impact of U with O and E. The core
idea is utilize relationship P(U|T,Y) = M(O,U)"'P(O|T,Y) to recover P(T,Y,U) from P(T, Y, 0) and P(O|U)
by adjusting M(O,U), where M (O, U) is the matrix of conditional probabilities between O and U. With linear

2
Oty —0oU 01y, Oyu

structural equation model, we have ATE; = , where a,u is the regression coefficient of O to U

Ot —aouo?,
and o is the covariance.

(2) Kernel Methods, especially those utilizing Reproducing Kernel Hilbert Spaces (RKHS) [102], are able to
capture complex nonlinear relationships by mapping data to high or infinite dimensional spaces. They are also

widely used in causal effect estimation, and we give two examples as below.

o Kernel Proxy Variable (KPV) [89]. It is a two-stage regression method. In the first stage, KPV estimates
the relationship between potential confounders U and proxy variables O by learning conditional mean
embedding uo|T, X, E via kernel regression. In the second stage, estimation function is learned as a mapping
n[-] from po|T, X, E to Y by minimizing:

n
- 2505 = (905 )  foff X i Al (20)
where n is the total number of samples in the dataset, ®@(-) means a kernel feature mapping from the
input space into the RKHS Hrx o, operator ® refers to the tensor product, and A is a hyper-parameter for
regularization.

e Proxy Maximum Moment Restriction (PMMR) [89]. It is a single-stage approach aimed at finding
the structural function h(T, X, O), best satisfying the Conditional Moment Restriction (CMR) so that
E[Y — A(T, X, O)|T, X, E] =0 almost certainly holds. Kernel methods here addressing the CMR problem is
to find a closed-form solution in the kernel space.

(3) Deep Methods. Deep learning models can also serve as powerful tools for treatment effect estimation,
especially in cases with high-dimensional data and complex relationships. We introduce Deep Feature Proxy
Variable (DFPV) [154] here for instance. Its main idea is similar to that of KPV, but it uses deep neural networks
rather than kernel functions when learning the feature mapping. Different neural nets are trained to learn
treatment features in different stages, denoted as ¢g,,,, and ¥, ,, respectively. Objective in the first stage is to
learn weights V. and parameters {0r(,), 0g} by minimizing the following empirical loss:

. 18 2 2
£ (V.0r(1.00) = 5 V00 (00 =V (g, (T) @ o (B[ + 241IVI1 (21)
i=1
Fixing {V, 0r(1), 0}, the second stage is to learn {u, Or(2), 6o} by minimizing:
. 1 & . 2
£2(w.00r)) =7 (¥ =" (Vore, (T @V (44, (1) @ 95, (ED))) + Zellull. (22)

Generative Modeling Methods. Inspired by CEVAE, Intact-VAE [150] proposes a new variational autoen-
coder variant for estimating treatment effects under unobserved confounding via the prognostic score. Although
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various methods for causal inference under unobserved confounding have been proposed, these methods are
often limited to restrictive parametric or linear models , and some lack practical estimation methods or a complete
theoretical framework for general non-linear scenarios. Therefore, the identification and estimation of treatment
effects using proxy variables via deep latent variable methods remain a significant challenge requiring further
exploration.

5.2.2 Instrumental Variable (1V). An instrumental variable (IV) is an exogenous variable that is not affected by
unobserved confounders. It could be regarded as a special case of "negative controls” or "proxies" for unmeasured
confounders in advanced causal inference methods [93]. It helps address unmeasured confounding by providing
an exogenous source of variation for the exposure. This "cleans" the exposure’s effect, so the residuals in the
final regression ideally reflect only random error, rather than systematic bias from unmeasured confounders.
Furthermore, IV methods are naturally designed to address complex treatments and outcomes, making them
widely used in statistics and econometrics. For a comprehensive overview of instrumental variable applications
in causal inference, refer to the detailed survey [147].

Two-Stage Least Square (2SLS) [134]. Although Ordinary Least Square (OLS) [144], a direct regression
method, is widely used for causal effect estimation, the causality obtained is distorted when unobserved con-
founders exist. Instead, using two-stage regressions combined with IVs can achieve good performance. We denote
the IVs as Z, and their properties have been introduced in Section 3.2.2. Most IV methods assume that the data
generation process follows additive noise models. Therefore, we model it as the following models and exclude X
from the model for clarity, i.e., T = f(Z) + er, Y = g(T) + €y, Z e =Z" ey = 0. Assuming that f and g are linear,
we can apply 2SLS to remove the confounding bias introduced by unobserved confounders. The details of the
two-stage procedure are outlined as follows.

o Treatment Regression Stage. Estimator « regresses T from Z:

d=Z"2) ' Z"T=(Z"2) 2 (Za + er) = a, (23)
T =E[T|Z] = Za. (24)
e Outcome Regression Stage. Estimator f3 regresses Y given T derived from the first stage:
fasis = (ITD 7Y = (IT1) (T +ev) = 5, (25)
Y =E[Y|T] = T8. (26)

In more common real-world scenarios where f and g are nonlinear, numerous methods within this framework
employ different machine learning techniques to learn the complex nonlinear relationships in the models, thus
extending the traditional IV approach to nonlinear scenarios. (1) Kernel Methods. RKHS can be used here to
capture the nonlinear causal estimands. We will introduce the following two methods.

o Kernel IV [127]. We define two measurable positive definite kernels, including ks : 7 X 7 — R and
kz : Z X Z — R. Therefore, we have two basis functions, ¢ : T — Hq, t — kq(t,-) and ¢ : T —
Hz,z +— kz(z,-). Structural function p(-) in the first stage is:

w(Z) = e(¢(2)) =E[y(D)|Z]. (27)

The objective is to optimize e € E : Hz — Hq by kernel ridge regression. As for the second stage, the
structural function g(-) is formally defined as:

g(T) = h ((T)) =E[YJ(T)]. (28)

The objective is to optimize h € H : Hy — Hy. When X is included in the model, Kernel IV can be
performed by simply combining X with T and X with Z individually.
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e Dual IV [96]. The outcome structural function g(T) can be rewritten as:
E[Y|Z, X] =E[g(T,X)|Z,X] + E[ey|X] = / 9(T, X) dF(T|Z, X), (29)

where dF(T|Z, X) is the conditional treatment distribution obtained from the treatment regression. By
denoting W =Y ® Z @ X and T =T & X, dual IV reformulates the two-stage IV-based regression as a
convex-concave saddle-point problem:

min max Erw [g(T)u(W)] - Eyw [I*(Y,u(W))], (30)
geG ueld

where U(Q) = {u(-) : Q — R} is the entire space of functions and Q is the support of W.

Deep neural networks (DNNs) are also applied to the two-stage regression, called (2) Deep Methods here. These
methods often make weaker assumptions about the data generation process.

e DeeplV [45]. Inspired by Eq. (29), the counterfactual prediction can be described as an optimization
problem by minimizing the following objective:

li(Yi_/g(T,Xi)dF(T|Zi,Xi)) . (31)
n3 T

In the first stage, term F(T|Z, X) can be quantified by a deep neural network 74 (Z, X) with loss [(T, 74(Z, X)).
In the second stage, another network hy is learned to approximate the potential outcome g(T, X). Therefore,
objective of DeeplV can be rewritten as minimizing:

1< R )
;;(Yi—/The(T,Xi) dF¢(T|Z,»,Xi)) / 62

e Deep Feature Instrumental Variable (DFIV) [153]. Its main idea is to use DNNs to learn adaptive
deep features as kernel basis in the 2SLS approach. Specifically, three DNNs {fj, g, uy } are established to
learn the feature mapping of {Z, X, T}, respectively. Tasks of the two stages are to minimize the following
objectives:

1\ 1\
= D Iy (T) = Afy(Z) @ g I + M lIAIP, and = 3" [1¥; = Buy (T) ® ge(X0)[I* + A2 [|BII", (33)
i=1 i=1

where A and B refer to the matrix parameters learned in each stage, and A; and A, are hyper-parameters
for regularization in case of over-fitting.

Generalized Method of Moments (GMM) [42, 43]. Although previous works perform well in estimating
the expected value, their standard errors are inconsistent with the ground truth. Therefore, conditional moment
restrictions can be used when facing heteroskedasticity of unknown form. Specifically, d instruments give a set
of d* moments, i.e., [;(g) = zjui = z] (yi — g(t;,x;)) for i = 1,..., n. The intuition of GMM is to choose a suitable
estimator for ¢ so that E[I(g)] = 0. Recently, many researchers reformulate these conditional moment problems
as a minimax optimization problem [29]. Taking Adversarial GMM (AGMM) [73] as an example, its objective
is:

arg inf sup B [(Y = hy (T, X)) fy (Z.X)] = WlWIP = B [£2Z.50] + 220191, (34)
Pl y ey

where h is a network aimed at setting moments as close to 0 as possible, while f is another adversary network to
identify moments that are violated for the chosen . When there are infinite moment conditions, Deep GMM [11]
is to construct an optimal combination of moment conditions:

arg inf sup B [(Y — hy (T, X)) £ (Z.X)] — ~E [(Y ~ hy(T.X))%f (z,X)] . (35)
¢€<I>¢€‘P 4
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There is also a Variational Method of Moments (VMM) [10], which transforms the original GMM problem
into a minimization one that includes an inner maximization problem:

g in sup B [/(2)Tp(Xi6)] - 1E [(f(Z)Tp(X; é))z] ~ IR (36)

Confounder Balancing Methods. When there are interactions among variables, IVs will have limited
effect on T, called weak IVs. Therefore, some researchers consider the joint effect of X and Z. Confounder
Balanced IV Regression (CB-IV) [145] models a more general causal relationship that T = f;(Z, X) + f2(X, U),
Y =g1(T,X) +g2(T)g3(U) + g4(X,U) and Z 1L U, X. In the first stage, it regresses T with Z and X by minimizing
% i1 2 (Ti = Tij )2 and fij ~ P(T;|Z;, X;), where Tl.j and f‘ij are the treatment and the predicted treatment for
the j-th dimension of unit i. Afterwards, a balanced representation fy(X) is learned for continuous T via mutual
information (MI) minimization constraints. Finally, CB-IV regresses Y with T ~ P(T|Z, X). CBRL-CIV [20]
divides the observed covariates X into CIVs and confounders, respectively denoted as S and C. The first step is to
learn the representation Z = 1/»(C) so that S 1L Z | C, eliminating the confounding bias between S and T. The
second step is to regress T with {S, C} without the influence of U. The last step is to regress'Y with balanced
representation Z and estimated treatment T. GCB-IV [146] is an extension of CB-IV, which is specifically
designed to handle cases without any predefined IVs. It uses VAE to recover latent variables L = {U;y, Ux } from
observational data, and recover conditional probability distribution P(L|X, T'). This module can help treatment
regression by P(T|L), naturally plugged into the CV-IV framework.

5.2.3 Difference-in-Difference Methods. How to extend the DID methods of binary treatment into the setting
of continuous treatments have been discussed [18] as well: Denoting the dosage as D, the parallel trends for
continuous treatments are rewritten as E[ Yy=; (0) = Y;= (0)|D = d] =E[¥y=1(0)—Yy=0(0)|D = 0] foralld € D.The
subscript g is consistent with the time indicator in Section 3.2.3. However, it does not involve potential outcome
paths between treatment dosages, introducing selection bias if comparing outcome changes between different
dosage groups. Therefore, ADRF is proved theoretically unidentifiable. A strong parallel trends assumption is
proposed that E[Yy=1 (d) — Yy=9(0)] = E[Yy=1(d) = Yy=(0)|D = d] for all d € D, excluding the systemic differences
arising from the selection of different treatment dosages. After derivation, ADRF(d) = W. This method
adapts to different model structures in a data-driven manner instead of relying on assumption of function
forms. The nonparametric estimator converges at the minimax rate and provides data-driven uniform confidence
intervals with correct asymptotic coverage and adaptivity.

5.3 Conclusion and Discussion

Key challenge in the setting of continuous treatments is to solve the countless possible values of T. GPS is
further developed here, which is modeled using Gaussian distribution to ensure its continuity. The problem
of model misspecification in this scenario will be even worse. The goal of representation learning methods
is to study a generally balanced embedding of X for all T € 7. An intuitive solution is discretization of T
into discrete intervals, as applied in DRNet and SCIGAN, but it may lead to jump discontinuity at the interval
boundaries. Another solution is to learn common embeddings by a general module, such as varying coefficient
model and transformer. Varying coefficient model [22] proposes a component-wise smoothing spline method for
non-parametrically estimating the coefficient functions in varying coefficient models. It addresses the challenge
of continuous treatments by allowing the regression coefficients to smoothly vary as a function of time. Through
its use of smoothing splines, it inherently provides a continuous estimation of the effects, thus avoiding the
discontinuities that arise from the discretization of a continuous variable. Transformers [137], on the other
hand, are deep learning architectures based on self-attention mechanisms, originally used in natural language
processing. Their powerful sequence modeling capabilities allow them to process complex continuous input data,
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[ 6.1 Methods under Unconfoundedness Assumption ]
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Fig. 7. Categorization of bundle treatment methods without unobserved confounders.

and through attention mechanisms, they can capture dynamic and nonlinear relationships between covariates and
outcomes across the entire continuous treatment spectrum, thereby learning common, balanced representations.
The methods introduced in this section to tackle unobserved confounders can be commonly used in both binary
and continuous settings. Advantages and limitations summarized in Section 3.3 are still applicable for methods in
the current setting.

6 Bundle Treatment

Different from the setting of multi-valued treatment T € 7% < R, a unit can simultaneously adopt several
treatments T € 7°%" ¢ {0,1}™ in the case of bundle treatment. Studies on this setting can also be divided into
two categories, according to the existence of unobserved confounders.

6.1 Under Unconfoundedness

Methods related to bundle treatment and in accordance with the unconfoundedness assumption are included in
Fig. 7. The majority of them belong to representation-based solutions or generative modeling methods. Single-
cause perturbation method [107] explores a new way for counterfactual estimation of bundle treatment via data
augmentation. Specifically, it obtains new counterfactual outcomes based on the existing treatment vector (e.g.,
T ={0,1,1,1,0}), by successively flipping a single treatment dimension (e.g., T = {0, 1, 1, 1, 1}). This simplifies
the problem of addressing multi-dimensional treatments into that of addressing single treatment.

6.1.1  Representation-based Methods. CFR or TARNet are also developed into the setting of bundle treatment. One
challenge is the more complex confounding bias, since the possible treatment space expands in an exponential
manner, and a shared hypothesis network is thus needed for all the treatment groups with the purpose of sample
efficiency. Moreover, the additional influence caused by interactions among treatments taken in the same time
should also be considered.

Regret Minimization Network (RMNet) [133] is proposed to address the problem of sample efficiency,
together with the gap between the regression accuracy for the whole treatment space and the decision-making
performance with respect to an exact treatment. Decision-focused risk is proposed to mitigate the aforementioned
gap, which is essentially a classification task to predict whether a treatment is assuredly better in term of the
decision-making performance. Formally,

ff{;(f)z]g, Z{SlogV+(l—S)log(1—V)} , (37)

TeT

where S :=I(Y —¢g(X) >0), V:=a(f(X,T)—g(X)), and o(-) is the sigmoid function. The superscript u indicates
it is a uniform metric different from the normal definition. Considering that the regression error (MSE) still plays
an important role on decision-making, loss function with respect to the hypothesis network h(®) is formally
defined as L*(f;9) = \/ I:ZT{Z (f) - MSE*(f). As for the challenge of sample efficiency in the representation
network @, embeddings of x and t are both learned for the following inference. There are two alternative plans,

1
7]
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and the first is to construct a single network ® to learn the joint representation and utilize IPM as a restriction.
The second method is to construct two separate networks @, and ®; and regularize them to be independent from
each other by minimizing the Hilbert-Schmidt Independence Criterion (HSIC) [38].

Neural Counterfactual Relation Estimation (NCoRE) [101] makes attempts to model cross-treatment
interactions by simulating their combined effects via the additive mechanism of neural network layers. It
constructs arms for all single treatments, like the the multiple heads of h(®) in TARNet. The difference is that
there is an merge layer connecting all the treatment arms in the end. When training the model, all the samples
with the information of X will go through the base layers, while only the arms corresponding to those treatments
involved in the bundle treatment will be updated. In the stage of prediction, the merge layer receives the outputs
from related treatment arms as inputs and finally calculates the potential outcome.

6.1.2 Generative Modeling Methods. Bundle treatment can be regarded as a high-dimensional vector, and
Variational Sample Re-weighting (VSR) [166] points out that it is feasible to learn a latent representation Z
for T using VAE, and then decorrelate the low-dimensional Z with confounders X. Specifically, the objective
function of VAE is to maximize:

l n
Y Eagy(zim [198,112) +10g P(2) ~log g (ZIT:)| (38)
i=1
To remove the confounding bias, variational sample weight w¢ = {w? 1., is also proposed as:
P(T; 1
wl =Wr(X;,T}) = ) __ , (39)
P(Ti|X:) E 1
z2~qy(Z|Ti) | W, (X;,2)

where Wz (X, Z) is the density ratio estimation with which T can be decorrelated with X. Specifically, the data
points from observational dataset are regarded as positive samples (L = 1) while those from decorrelated target
dataset are negative samples (L = 0). In this way, we define:

P(X,ZIL=0) B(L=1) P(L=0|X,Z) P(L=0|X,2)
P(X.ZIL=1) P(L=0) P(L=1X,Z) P(L=1X,2)

ﬁgié; =1 for all the data

Wz(X,Z) =

(40)

There is a classifier pg, (L|X, Z) to give the values of P(L|X, Z) with the limitation that
points. Finally, a network fp, (X;, T;) is learned to predict the potential outcome.

6.1.3 Data Augmentation. Single-cause Perturbation (SCP) [107] provides a new insight that the counter-
factual prediction for bundle treatment can be achieved via data augmentation. In other words, SCP perturbs a
single treatment (M in total) to be its opposite value, thus generating additional data by predicting the potential
outcomes. In this way, the treatment assignment becomes more balanced than the original observational data,
which mitigates the confounding bias in an entirely new way. Under the sequential ignorability assumption [110],
conditional expectation of the potential outcome for a single treatment has equivalence to that of a bundle
treatment:

E[Y(tm t-m)|X] =E[Y()|X, T-n (t) = t-m], (41)
where t,, is the m-th treatment in the bundle, while ¢_,, denotes the remaining ones. This assumption plays a key
role for the validity of SCP, simplifying the problem of effect estimation for bundle treatment into that for a single
treatment. Important modules include single-cause model training, data augmentation, and covariate adjustment.
The goal of the first module is to well estimate the holistic potential outcome E[Y|X, T,lm, T.»], where two
estimators are need for a single treatment t,, and its causal descendants T (tm), respectively. Disentangled
Representations for Counterfactual Regression algorithm (DR-CFR) [46] is applied here as the estimators. It
is able to sample perturbed data points for the data augmentation once the single-cause model is fitted. The
perturbed dataset is D, = {x;, 7", i"}" . The newly generated data for all the single treatments are merged
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[ 6.2 Methods with Unobserved Confounders ]
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Fig. 8. Categorization of bundle treatment methods with unobserved confounders.

together as the augmented dataset. As for the covariate adjustment, a standard feed-forward neural network
fo : RP x Q — R is trained on the augmented dataset to learn E[Y(¢)|X = x] = E[Y|X =x, T =t].

6.2 With Unobserved Confounders

The problems of unobserved confounders have also been studied under the circumstance of bundle treatment.
The relevant methods are reviewed in Fig. 8.

6.2.1 Proxy Variable. TECE-VAE [116] expands CEVAE to the bundle treatment setting, and introduces task
embedding to model the interdependence among multiple treatments: It allows a flexible representation of a
task by multiplying a vector of zeros and ones, meaning which treatments are applied, and a weight matrix W is
learned. A network g, is trained to learn P(T|X), from which the treatment vector T is sampled. Multiplying
T by the embedding matrix W gives the new representation 7 = WT. Another network g, is trained to learn
P(Y|T,X) given r, where the potential outcome Y is sampled. Networks g5 and g4 give the mean and variance
that determine the conditional distribution of latent confounders V; i.e., P(V|T, X, Y). The purpose of the decoder
is to reconstruct {X, T, Y}, with the input V sampled from P(V|T, X, Y). Networks f; ~ f; are established for
various types of X (binary, categorical, or continuous). f; is'similar to g;, which outputs P(T|V) for sampling the
treatment vector T. The new representation 7 is obtained in the same way as described in the encoder. Ultimately,
fs aims to learn P(Y|T, V), determining Y given V and 7.

Disentangled Multiple Treatment Effect Estimation (DIRECT) [87] aims to learn the representation
of confounder proxy V from the treatment assignments by VAE, and further explores the interdependence of
multiple treatments. There are two main blocks including an inference network and a generation network. The
objective of the inference network is to learn the disentangled representation of V. To be specific, the embeddings
of every single treatment T; are learned according to the treatment assignment A, followed by a clustering module
fe(+) to approximately simulate the distribution of each class, i.e., P(C;|Tj) = Mult ( fc(tj)). Notation C; here
represents the cluster assignment of T;, and Mult(-) is Multinomial distribution. Such idea is similar to VaDE [61].
Afterwards, disentangled confounder representation V¥) is learned for each class, which is implemented in
a manner similar to f-VAE [48]. The holistic confounder representation of V is obtained by concatenating all
of them. In the generation network, the main task is to reconstruct the treatment assignment A when given
the treatments T along with V. Moreover, the observational outcomes are also used as supervision for better
capturing the latent confounders, and the prediction loss is defined as £, = — 3, log P(Y; = Y;|V;, A;, T). The
overall loss function of DIRECT is:

L =-E[logP(A|V,T,C)] + Eq(rja)KL (q(CIT)|[P(C)) + Eq(cir)KL (q(TIA)|[P(T|C))

K
+A- Ly +p- ZEq(T\A)q(C\T)KL (q (V(k) |A) ||P (V(k))) s
k=1
where hyper-parameters f and A are used to control the effect of different parts.
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Multiple Causal Estimation via Information (MCEI) [ 108] aims to recover proxy variable V by constraints
of mutual information. Two additional assumptions are proposed in the case of multi-valued treatments. The first
is shared confounding assumption that the confounders are shared across all treatments, and thus each treatment
could reflect some information of the shared confounders. The second is independence given unobserved confounders,
meaning that treatments are independent given latent confounder V so as to avoid the dependencies between T;
and T_;, where T_; denotes the set of treatments excluding the i-th treatment. A confounder estimator for V is
established to reconstruct a treatment T; when given the remaining ones T_;. Additional Mutual Information (AMI)
is utilized to measure how much additional information could T; provides for the confounders. After confounder
V is recovered, the potential outcome can be modeled with the residuals and confounder by maximizing the
following objective:

max Ep(y,1)po (UIT)E(&|UT) [lOg Py (YU, E)], (43)

where 0 is the parameter associated with the estimation of latent confounder U, ¢; denotes the independent
component of the i-th treatment, p, (Y|U, &) is the outcome model with parameter 7.

Another way to capture latent confounders of multiple treatments is using probabilistic factor model. Decon-
founder (2018) [139] points out that a variable making all the treatments conditionally independent from each
other could be found, once a factor model well representing the treatment distribution is figured out. Details of
implementations can be concluded as:

(1) Finding out a suitable model for latent variable according to the treatment assignment, namely fitting a
probabilistic factor model to capture the joint distribution among them:

Ui~p(le) i=1,...,n,and T;;|U; ~ p(:|0,0;) j=1,....m (44)
where a refers to the parameters for distribution of U;, and 0; denotes those for the per-cause distribution
of T;;. Note that i is the index for each sample while j is that of each cause.

(2) Inferring the latent variable for each sample through U, = EmlUi|T; = t;].
(3) Estimating the casual effect by utilizing U; as a substitute of the confounders:
E[Yi(] =E [E[Y:()IU.T = ¢]]. (45)

Deconfounder (2021) [140] is an improved version of Deconfounder (2018). There are some key findings that
a subset C of treatments could be regarded as proxies of the unobserved confounders, helping the identification
for the remaining treatments. The distribution of C can be determined as well. Implementations are similar to
those of Deconfounder (2018), which are described as follows.

(1) Constructing latent variable U that makes all the treatment conditionally independent by ]@’(Tl, T U) =

P(U) H;":l P(T]|U), where P(+) is consistent with observational data, i.e., P(Ty,...,T,) = f (T, ..., T, U)dU.
(2) Fitting the outcome model P(Y, Ti,..., T,») by [B(Y|Ty,..., T, U)B(Ty, ..., T, U) dU.

,,,,,

6.2.2 Auxiliary Variable. Similar to proxy and IV, auxiliary variable [92] has no causal relationship with Y
according to the following assumptions. The first is exclusion restriction, i.e., Z 1 Y|(X,U). Two additional
assumptions are proposed to limit the joint distribution between T and U:
(1) Equivalence. For any a, any f(x, u|z) that solves f(x|z; ) = fu f(x, u|z)du can be written as f(x, ulz) =
f{X =x,0(U) = u|z; a} for an invertible but not necessarily known function v.
(2) Completeness. For any a, f(ulx, z; a) is complete in z, i.e., for any fixed x and square-integrable function g,
E{g9(U)|X = x,Z;a} = 0 almost surely if and only if g(U) = 0 almost surely.

Equivalence is a high-level assumption stating that the treatment-confounder distribution lies in a model that is
identified upon a one-to-one transformation of U. Because the unconfoundedness assumption holds conditional
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on any one-to-one transformation of U, this allows us to use an arbitrary admissible treatment-confounder
distribution to identify the treatment effects. Completeness is a fundamental concept in statistics, meaning that
conditional on X, any variability in U is captured by variability in Z, analogous to the relevance condition in
the instrumental variable identification. When both U and Z have k levels, completeness means that the matrix
[f (uilx, zj) ] kxk consisting of the conditional probabilities is invertible. Under these assumptions, identification
with auxiliary variable is proved feasible. Algorithm is described as follows.

(1) Obtaining an arbitrary admissible joint distribution f (x,u,2).
(2) Solving f(y|x,z) = fu f(ylu, x) f (u|x, z)du with f(u|x) from step (1) and estimated f(y|x).
(3) Plugging the estimation of f (ylu, x) from Step (2) and the estimation of f (u) derived from _f (u, x, z) into

FY(x) =y} = [ f(ylu.x)f(u)du, thus estimating f{Y (x)}.

6.2.3  Null Treatment Method. This method also depends on the equivalence assumption and completeness assump-
tion mentioned above. Another key assumption called Null treatment [92] is proposed as well. The cardinality of
the intersection C N A does not exceed (|C| — ¢q) /2, where |C] is the cardinality of C and must be larger than the
dimension of U. Implementations conclude:

(1) Obtaining an arbitrary admissible joint distribution _f (x,u).
(2) Using the estimate f(u|x) from Step (1), along with an estimation of f (y|x),to solve f(y|x) = fu f(ylu,x) f (u]x)du

for f(ylu, X).
(3) Plugging the estimate off(u) from Step (1) andf(y|u, x) from Step (2) into f{Y (x) =y} = fu f(y|u, x)f(u)du
to estimate f{Y(x)}.

6.24 Likelihood Maximization. Researchers also attempt to estimate the effect of bundle treatment in the
presence of hidden confounders under the framework of Structural Causal Model (SCM). They have proved that
it is impossible to identify the joint effects of multiple treatments that are simultaneously taken if there is no
restriction on the structure function [97]. However, such influence could be estimated by introducing reasonable
assumptions, such as additive noise model (ANM). For example, an ANM-based method [60] is proposed, where all
data from different regimes are pooled together to jointly maximize the combined likelihood. A complementary
question is also studied that how to estimate the causal effect of a single treatment while multiple treatments
are adopted at the same time [60]. Formally, given the samples that can deduce E[Y|T; = ;,T; = ¢;, X = x] and
E[Y|do(T; = t;,T; = tj),X = x], the purpose is to find how to learn the conditional average treatment effect
E[Y|do(T; = t;),Tj = t;, X =x] or E[Y|T; = t;,do(Tj = t;), X = x]. Researchers prove that this is not generally
possible as well, unless there are non-linear continuous structural causal models with additive, multivariate
Gaussian noise. They extend the Expectation Maximization style iterative algorithm [97] to disentangle the
effects of each single treatment. Suppose the intervened treatments are T;,; € T and Typs = T — Tjpy, and then a
causal query with T;,; could be decomposed as E[Y|C; do(Xin:); Xops] = fr (C; X) + E[Uy|Xops]-

6.3 Conclusion and Discussion

Under Unconfoundedness Assumption, the key challenges in this setting include: (1) complex confounding bias for
exponential-level treatment assignments, (2) the need for a general hypothesis model for all treatment groups,
and (3) additional influence caused by the interactions of multiple treatments that are simultaneously taken.

7 Method Extension and Assumption Verification
7.1 Method Extension

Propensity Score. It is defined as the conditional probability of individual receiving a treatment when given the
covariate. In the setting of binary treatment, PS is e(X) = P(T = 1]X) and usually modeled by logistic regression.
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When treatment becomes multi-valued, the generalized propensity score (GPS) is extended from PS and denoted
as e(T,X) = frx(T,X). It is similar to a multi-label classification task, and usually modeled by multinomial
logistic regression. As for the continuous treatment, the definition of GPS remains unchanged but Gaussian
distribution is used instead for its continuity property. Bundle treatment can be regarded as a multi-dimensional
vector, and the distribution f7|x (T, X) can be learned by neural networks in this setting. Once these propensity
scores are quantified, the matching, stratification, and re-weighting methods can be naturally extended to the
complex treatment environments. However, relying solely on GPS may not be sufficient to capture the complex
causal relationships when treatments are continuous or bundle. It is more like serving as auxiliary information in
counterfactual prediction or covariate balancing.

Covariate Balancing and Representation Learning. In the binary treatment setting, covariate balance
between different treatment groups can be directly achieved through re-weighting, with various constraints
such as first-order moment alignment. However, such sample weight works by X; = w;Xj, treating all the
confounders (each dimension in X) equally in a linear manner. Therefore, representation learning network @
is applied for balanced covariate embedding ®(X). Besides remaining the helpful information for predicting Y,
the most important property of ®(X) is balance between different groups. Many works, such as BNN and CFR,
use IPM or MMD to constrain the alignment between P(X|T = 0) and P(X|T = 1). When T is optional from m
discrete values (multi-valued) or possible combinations (bundle), such structure can be intuitively extended as
one common representation network ® with C2, IPM or MMD constraints and m prediction heads to respectively
learn P(Y|X, T =t) fort € {1,..., m}, like methods described in Section 4.1.3 and Section 6.1.1. Even for the
continuous treatment, this structure is applicable as long as the whole space 7°°" is discretized into m intervals,
taking DRNet for example. However, considering the issue of continuity, representation learning for continuous
treatment may involve using coefficient varying models or substitute multiple distribution distance constraints
with mutual information.

GAN. The framework using GAN is a general one for different treatments, where the generator G is designed
for targets of interests and the discriminator D is for alignment. For example, GANITE predicts the counterfactual
outcomes of different treatments by G and ensures its effectiveness by letting D judge which treatment corresponds
to the factual data. It essentially enforces the alignment of counterfactual data to real data in G via being attacked
by D. Since D is designed as a classification task, the framework of GANITE is naturally applicable for treatments
with limited action space, i.e binary, multi-valued and bundle treatments. As for SCIGAN, applying a similar
hierarchical structure in DRNet, it succeeds to utilize the GAN framework for continuous treatment through
discretization. The continuity property of response function has not been ensured. Moreover, these methods
have no theoretical proof for the identifiability of ITE or IDRF.

Latent variable recovery with VAE. Under the structure with encoder and decoder, VAE is able to recovery
the latent variables Z as proxies by capturing and deconstructing the relationships between Z and other observed
variables. Whatever the treatment type, VAE is applicable once there exist helpful latent variables. VAE here
is more like a general technology rather than a specific framework. The real challenge lies in confirming the
existence of latent proxies and how to utilize them to facilitate treatment effect estimation.

7.2 Assumption Verification and Relaxation

As stated in Section 2, three assumptions are typically required [47, 56] in causal inference. We also provide an
illustration in Fig. ??.

e SUTVA. It has two parts. First, no interference means one subject’s treatment does not affect another’s
outcome. We can test this using methods such as A/B testing [41, 106, 123], which involve controlling
neighbors’ treatment status to check for spillover effects. Second, treatment consistency assumes each
treatment has a single, unambiguous interpretation (e.g., a specific drug or dosage) [56]. This is usually
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met in most practical settings. For instance, in a binary choice scenario, if the treatment is "taking drug A"
versus "not taking drug A" there is usually no ambiguity about what "taking drug A" means. Similarly, for
a continuous intervention like a drug’s dosage, a dosage of "10mg" is clearly distinct from "20mg".

o Overlap. This means there is a non-zero probability for any subject to receive any of the treatments being
studied, given their characteristics. We can assess overlap by examining propensity scores or using tools
like kernel density estimation to visualize the distribution of different treatment groups [26, 30].

e Unconfoundedness. This is the crucial assumption that all common causes of treatment and outcome
(confounders) have been measured and accounted for. Since this can be hard to guarantee, sensitivity analysis
is widely used to explore how robust results are to potential hidden confounders [47, 162]. Alternatively,
methods using instrumental variables (IVs), negative controls (NCs), or exploiting multiple environments
can help identify or address the impact of unmeasured confounders [64, 65].

To relax the unconfoundedness assumption, specific causal inference methods often rely on data generation
assumptions or proxy variables:

e Data generation assumptions. These involve specific characteristics of how the data was produced, such
as additive noise [11, 45, 126] (where noise is simply added to the causal effect) or parallel trends [6, 8, 18]
(common in difference-in-differences designs, assuming outcomes would have followed similar trends
without intervention). These assumptions are difficult to validate in real-world scenarios, researchers have
to rely on prior knowledge about the data generation process itself to study cases.

o Proxy variables. These leverage additional variables in the observational data to help relax the unconfound-
edness assumption. This includes assumptions related to instrumental variables and proxy variables, which
must satisfy specific independence conditions. For IVs, the Sargan-Hansen test can help validate their
relevance and exogeneity [119]. For negative controls, subject matter knowledge is often crucial for their
appropriate selection and validation [126].

Although there are some studies on relaxing or violating SUTVA [25, 52, 149, 161] and overlap [57, 59, 90, 150],
they mainly focus on the scenario of binary treatment. Their extension to the setting of complex treatments still
remains an open problem.

8 Datasets and Codes
8.1 Available Datasets

We summarized the datasets applicable for evaluating methods of complex treatments in Table ??. For multi-valued
treatments, Twins and News are available.

o Twins. This dataset is collected from all births in the USA between 1989-1991, and only the twins weighing
less than 2kg are recorded without missing features [3]. The outcome refers to the mortality after one
year. It is originally utilized by models focused on binary treatment. After preprocessing, there are 11, 400
pairs of twins, along with 30 covariates related to the parents, pregnancy and birth. It can be extended to
multi-valued setting, where 4 treatments are considered: T = 0 refers to samples with lower weight and
female sex, T = 1 means those with lower weight and male sex, T = 2 is those with higher weight and
female sex, and T = 3 means those with higher weight and male sex.

o News. It simulates the opinions of a media consumer exposed to multiple news items, which is generated
from the NY Times corpus. The purpose is to infer the individual treatment effects of obtaining more content
from some specific devices on the reader’s opinions. In particular, each sample x; refers to news items
represented by word counts, and outcome y; € R represents the reader’s opinions of the news. Multiple
treatments can be constructed as various devices used to view the news, such as desktop, smartphone, and
newspaper.
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There are 4 more datasets used in the case of continuous treatment.

e Cancer Genomic Atlas (TCGA) [142]. It contains 9, 659 observations with 20, 531 features from various
cancers. Three clinical treatments are taken into account including medication, chemotherapy, and surgery.
The outcome studied here is the risk of cancer recurrence.

e Medical Information Mart for Intensive Care (MIMIC) III [63]. It is a large database recording 8, 040
patients who are admitted to ICUs at a large tertiary care hospital. Beside the 49 features of a patient, it
also includes a wide range of clinical data, including demographic information, vital signs, laboratory test
results, medications, and clinical notes.

o Infant Health and Development Program (IHDP) [15]. It is a longitudinal study that was conducted in
the United States from 1985 to 1993. It contains data from 747 infants with 25 covariates. The infants were
randomly assigned to either a treated group with high-quality educational and developmental services, or
a control group with standard care.

e Medicare [151]. This is a collection of data on socioeconomic status for 2, 132 US counties, together with
average annual cardiovascular mortality rate (CMR) and total PM 2.5 concentration. This study spans over
21 years (1990-2010) and covers more than 68.5 million samples. Several works [109, 152] focus on this
dataset to estimate the long-term causal effect of PM 2.5 on all-cause mortality under 18 covariates.

We summarize the available real-world or semi-synthetic datasets for bundle treatment.

8.2

o Smoking [54]. The 1987 National Medical Expenditures Survey (NMES) collected data on smoking habits
and medical expenses in a representative sample of the U.S. population. The dataset contains 9, 708 people
and 8 variables about each.

o TMDB 5000 Movie Dataset. It is a collection in Kaggle that contains 901 actors (who appeared in at
least 5 movies) and the revenue for the 2, 828 movies they appeared in. The movies span 18 genres and 58
languages. This dataset can be used to study how much does an actor boost (or hurt) a movie’s revenue.

e Amazon-3C and Amazon-6C. They are two semi-synthetic datasets from the Amazon review dataset
in DIRECT [87]. In each dataset, 3/6 categories of items are selected. Afterwards, the top 1,000 products
with most reviews are collected as instances in each category. The goal is to investigate the effect of the
keywords in reviews on the future sales of each product. Specifically, treatments here refer to 3 key words
derived from the reviews, and the outcome is future amount of sales for each product. Confounders are the
latent attributes of the products.

o CRISPR Thee-way Knockout (CRISPR KO) [164]. It is a benchmark dataset collected in a systematic
multi-gene knockout screen. It is particularly challenging because of the complex underlying biological
process, which leads to large number of potential treatment combinations, high-dimensional covariates,
and sparsity of labeled data.

Open-source

The available codes for causal inference with complex treatments are summarized in Table ??, including multi-
valued, bundle, and continuous settings. Considering that the IV methods can be naturally developed to solve the
causal estimation of continuous treatment, readers can also refer to the toolkit? of IV methods that is reviewed in
the survey of IV [147].

9

Future Directions

Despite substantial progress, the study of causal inference with complex treatments still confronts several
challenges that require further exploration.

2https://github.com/causal-machine-learning-lab/mliv
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o Confounding heterogeneity. Existing bundle treatment methods typically assume uniform confounding
across all treatments—an assumption often violated when individual treatments are subject to distinct
confounding mechanisms, leading to biased effect estimates. Flexible deconfounding techniques that
accommodate treatment-specific confounding structures remain an important open direction.

e Treatment interactions. Quantifying interaction effects—synergistic, antagonistic, or merely additive—
among concurrent treatments is critical for optimal intervention design in numerous practical domains.
However, developing interpretable and scalable estimation methodologies remains challenging, especially
under complex confounding and high-dimensional settings.

e Data sparsity and vast treatment spaces. Available data typically cover only a tiny fraction of possible
treatment combinations or dosage levels. Extrapolation across enormous treatment spaces can be highly
vulnerable to selection bias [74-77] and overlap violations [19, 135]. Effective exploration and optimization
of the full treatment landscape demand innovative strategies such as adaptive trial designs, reinforcement
learning, and transfer learning.

Moving forward, several emerging machine learning paradigms present a promising path for tackling these
core challenges and advancing causal inference with complex treatments.

e Advanced generative models for counterfactual inference. Beyond the GAN- and VAE-based ap-
proaches discussed in Section 7.1, diffusion models and other modern generative architectures are increas-
ingly employed for counterfactual outcome synthesis [58, 70, 118]. Their training stability and higher-fidelity
generation make them especially attractive for continuous treatments and high-dimensional (bundle) set-
tings.

o Integration of large language models (LLMs). LLMs are increasingly used as "world simulators" to
generate counterfactual scenarios, extract causal structures from text, or even assist in experimental
design [28, 67, 79, 86, 132, 148]. This paradigm holds particular promise for settings rich in natural-language
data but poor in conventional covariates.

o Causal representation learning for complex treatments. For complex interventions (e.g., bundle
treatments), identifying causal representations, which remain invariant under interventions on subsets of
variables, is an essential prerequisite. Recent advances in causal representation learning [1, 17, 80, 100, 120]
provide the foundational progress needed to achieve reliable and generalizable causal estimation.

10 Conclusion

The primary goal of causal inference is to determine the difference in outcomes for a population if they had
received a particular treatment compared to if they had not. It has extensive applications in fields such as
epidemiology, finance, and education. However, in many of these real-world scenarios, treatments are multi-
valued, continuous, bundle, or even more complex. In this survey, we provide a comprehensive review of methods
tackling such complex treatments. We first introduced the basic notations, concepts, and assumptions. Then we
introduced the relevant methods according to the type of treatment and the presence of unobserved confounders.
We also discussed the intrinsic connections of these methods and the required assumptions. Available datasets
and open-source code are also reviewed. Finally, some potential directions are discussed for future explorations.
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